We study supersymmetric pp-waves in M-theory, their dimensional reduction to D0-branes or pp-waves in type IIA, and their T-dualisation to solutions in the type IIB theory.
Introduction
The Penrose limit [1] of the AdS 5 ×S 5 solution of type IIB theory is a pp-wave with maximal supersymmetry [2, 3] . This result is of considerable interest within the framework of the AdS/CFT correspondence, since the pp-wave provides a background for which the string theory action in light-cone gauge describes a massive free string, which is exactly solvable [4, 5] , thus allowing explicit comparisons with results in the dual gauge theory [5] . The Penrose limit of the AdS 4 × S 7 and AdS 7 × S 4 solutions of M-theory also gives rise to a maximally-supersymmetric pp-wave, obtained in [6] , and this provides a simple background for the DLCQ description of M-theory, and the corresponding matrix-model in this regime [5] . Subsequent papers have explored a variety of consequences and generalisations of these observations [7] - [21] .
In a previous paper [17] , we studied a wider class of supersymmetric pp-waves in the type IIB theory, generalising the maximally-supersymmetric one that arises as the Penrose limit of AdS 5 × S 5 . In particular, we allowed for a more general structure of the constant selfdual five-form field strength; these structures were motivated by the flat (orbifold) limit of a special holonomy transverse space for the pp waves. In fact any pp-wave within the general class automatically has 16 Killing spinors, which we therefore denoted as "standard" Killing spinors. In special cases one finds that there can be additional Killing spinors, which we denoted as "supernumerary" Killing spinors. The maximum number, 16, of these is achieved for the Penrose limit of AdS 5 × S 5 . (In this class we also found another example of the Penrose limit of AdS 3 × S 3 arising form an D3/D3-intersection.)
The focus of our study in [17] was to determine the circumstances under which one obtains supernumerary Killing spinors in the type IIB pp-waves. These are important when one considers the exactly-solvable string models in the pp-wave backgrounds; we found that it is the supernumerary Killing spinors that are in one to one correspondence with the associated linearly-realised worldsheet supersymmetries of the corresponding string action.
In fact the string theory is solved by going to the light-cone gauge, with the x + coordinate in the pp-wave being set equal to the world-sheet time coordinate. In order that the linearly-realised world-sheet supersymmetries be unbroken, it is necessary therefore that the associated supernumerary Killing spinors be independent of the coordinate x + , which is indeed the case in all the type IIB pp-waves. For instance, all 16 supernumerary Killing spinors in the Penrose limit of AdS 5 × S 5 have this property [5, 17] .
A further significance of having Killing spinors in the type IIB pp-waves that are independent of x + is that after performing a T-duality transformation on the x + coordinate (which is always a Killing direction), the resulting type IIA solution will also be supersymmetric. It can be lifted to M-theory, where it acquires an interpretation as a supersymmetric deformed M2-brane, i.e. an M2-brane in which an additional 4-form flux is turned on in the transverse space [22] - [28] . An intriguing feature of the deformed M2-branes obtained by this T-dualisation procedure is that if any of the Killing spinors originate from supernumerary Killing spinors (which are x + -independent), then in the M-theory picture they solve the Killing-spinor equations despite violating the criterion that is usually applied [29, 22, 25] for testing whether a supersymmetry survives when the extra 4-form flux is turned on [17] .
In this paper, we study supersymmetric pp-waves in M-theory. In particular, we allow for rather general structures for the constant 4-form field strength of M-theory, motivated from the flat (orbifold) limit of special holonomy transverse space for the pp-waves. These possible structures fall into two classes. Focusing on the nature of supersymmetry, we again find that there are always 16 "standard" Killing spinors, and that additional "supernumerary" Killing spinors can arise in special cases. Unlike the case of pp-waves in type IIB, however, it is no longer automatic that supernumerary Killing spinors are independent of x + . The Penrose limit of AdS 4 × S 7 or AdS 7 × S 4 provides the unique example where the number of supernumerary Killing spinors attains its maximum, namely 16 [6] . Unlike the maximally-supersymmetric pp-wave in type IIB, however, here in the M-theory maximallysupersymmetric pp-wave the 16 supernumerary Killing spinors all depend on x + . Again our focus is on the occurrence of supernumerary Killing spinors, and also on determining the dependence of all the Killing spinors on the x + coordinate and the 9 transverse coordinates z i . These dependences are of importance when one considers reductions to type IIA, and subsequent T-dualisation to type IIB, since they determine whether there will be supersymmetries in the type IIA and IIB supergravity solutions.
Depending upon whether one reduces from D = 11 on x + or on one of the transverse coordinates z i , one either obtains a D0-brane or a pp-wave in the type IIA theory. In the case of a pp-wave, the srting theory in this background is again exactly-solvable by going to the light-cone gauge, giving rise to a free massive theory. In the case of a reduction instead on x + , the D0-brane world-particle action leads to a DLCQ description of the Mtheory matrix model in this sector. Thus these backgrounds of M-theory provide for dual descriptions, either in terms of a solvable type IIA string action or in a matrix theory model. In particular, the supernumerary supersymmetry plays a key role in determining the supersymmetry of the string action as well as supersymmetry of the matrix model.
We begin in section 2 by setting up our formalism for the pp-waves in M-theory, and obtaining the criterion for the existence of Killing spinors. We then study the coordinate dependences of the Killing spinors, for the various choices of constant 4-form fluxes in the flat nine-dimensional transverse space that we are considering. This allows us to discuss the supersymmetry of the type IIA D0-branes and pp-waves that we can obtain by dimensional reduction. We also show how some of our pp-wave solutions are related to Penrose limits of M2-brane and M5-brane intersections.
In section 3 we derive the light-cone action for type IIA strings in arbitrary bosonic backgrounds, making use of earlier covariant results for the Green-Schwarz action up to quadratic order in fermions that were obtained in [30] . We also obtain an analogous result for the light-cone action for the type IIB string, again valid for arbitrary bosonic backgrounds, and based on covariant results obtained in [30] . Using these light-cone actions, we study the properties of some of the pp-wave solutions that we obtain by dimensional reduction and T-duality.
In certain cases the M-theory pp-waves have no isometry direction within the ninedimensional transverse space, and so they cannot be reduced to give pp-waves in ten dimensions. Under these circumstances, where the pp-waves are intrinsically eleven-dimensional, one is led to considering a DLCQ description in this background, leading to a matrix model.
In particular, we derive the matrix-model action, whose supersymmetry is in one to one correspondence with the supernumerary supersymmetries of the corresponding pp-wave background.
2 Supersymmetry of pp-waves in M-theory
General formalism
We shall consider pp-wave solutions of D = 11 supergravity, where the metric and 4-form are given by
where Φ (3) is a harmonic 3-form in the flat nine-dimensional transverse space whose metric is dz 2 i , µ is a constant, and we are taking H here to depend only on z i . In the vielbein basis e + = dx + , e − = −2dx − + 1 2 H dx + , e i = dz i , for which the metric is ds 2 11 = 2e + e − + e i e i , the spin connection is given by
and the only non-vanishing Riemann tensor components, in the vielbein basis, are
This implies that the only non-vanishing Ricci-tensor component is R ++ = − 1 2 H. The D = 11 supergravity equations are therefore satisfied if H obeys the equation
In this paper we shall focus on the cases where Φ (3) is a covariantly-constant 3-form. It is sufficient for our purposes to take the solution for H to be
where c 0 , Q and µ i are constants, and r 2 ≡ z i z i . It follows from (5) that the µ i are subject to the condition
When µ = 0 (and hence µ i = 0), the solution becomes a standard pp-wave in D = 11, whose dimensional reduction gives a D0-brane in the type IIA theory, and the pp-wave charge Q becomes the charge of the D0-brane.
The supercovariant derivative appearing in the supersymmetry transformation rule
Defining D M = ∇ M + Ω M , we therefore find
where we have defined
It follows immediately from (9) that Killing spinors ǫ, satisfying D M ǫ = 0, are independent of x − . Since Ω i Ω j = 0 we have ∂ i ∂ j ǫ = 0 and hence it follows that
where χ depends only on x + . Finally, from D + ǫ = 0 one deduces that
and
Thus (13) determines the number of Killing spinors, while (11) and (12) It is evident from (13) that there will always be 16 Killing spinors corresponding to χ = χ − . Accordingly, we refer to these as "standard Killing spinors," since they exist for any choice of the function H that satisfies the field equation (5) . In particular, the pp-wave charge Q can be non-zero. In certain cases there can also be additional Killing spinors corresponding to χ = χ + . We refer to these as "supernumerary Killing spinors." We shall construct the two categories of Killing spinors, and discuss their coordinate dependences, in the following two subsections.
Before discussing the two categories of Killing spinors, let us be a little more specific in our choice of constant 3-forms Φ (3) . It turns out to be natural to restrict attention to cases where the associated matrix W , defined by (10) , is a sum of individual terms W α that all commute with each other. This can be seen to lead to two inequivalent maximal sets of terms, which we shall refer to as Case 1 and Case 2. For the two cases we have Case1 :
Case2 :
where we have defined dz ijk ≡ dz i ∧ dz j ∧ dz k . It should be noted that for unless all four of the m α coefficients are non-zero in Case 1, it is in fact encompassed (after a relabelling of coordinates) within Case 2.
It is straightforward to verify that if we construct W as in (10), and write it as It is useful to have in mind such a diagonal choice of basis in the subsequent discussion.
For our canonical choices, one can see that if the m α are taken equal then Φ (3) in Case 1 can be expressed as m dz 9 ∧J, where J is the Kähler form for the eight-dimensional flat space with metric
Likewise, if the m α are set equal in Case 2, Φ (3) can be expressed as m Ψ (3) , where Ψ (3) is a G 2 -invariant associative 3-form in the flat seven-dimensional space with metric
The 16 standard Killing spinors
The 16 standard Killing spinors correspond to taking χ = χ − , i.e. they are defined by
It is evident from (9) and (11) that they are all independent of all of the z i coordinates. It is also evident from (12) that they will have x + dependence given by
where χ 0 is any constant spinor satisfying Γ − χ 0 = 0. If W annihilates any of these spinors, then the associated "standard" Killing spinor will be independent of x + (and so, in fact, it will be independent of all the coordinates). The discussion now divides into two, according to whether we take Φ (3) to be given by (14) or (15):
For Φ (3) given by (14) , the eigenvalues of W are
where the ± choices are all independent. Each eigenvalue occurs twice, making the 32 in 
Case 2:
When Φ (3) is given by (15), we find that again W generically has sixteen different eigenvalues, each occurring twice. One copy of the sixteen again occurs in each of the Γ − and Γ + subspaces. The eigenvalues are given by ±λ i , where
and λ i for 1 ≤ i ≤ 7 is given by reversing the sign of each m α that occurs as a coefficient of any term containing the gamma matrix Γ i . The numbers of standard Killing spinors that are independent of x + that can be achieved for these Case 2 examples are therefore 
Supernumerary Killing spinors
We now turn to the discussion of supernumerary Killing spinors, for which Γ + χ = 0. In a generic pp-wave solution there will be none of these, but they can arise in special cases when H given in (6) is quadratic in z i (i.e. the pp-wave charge Q = 0), and the distribution of µ i coefficients (which must in any case satisfy (7)) is chosen appropriately. The numbers of supernumerary Killing spinors that can be achieved depends also on the choice of Φ (3) .
The equation (13) that determines the number of Killing spinors admits solutions for supernumerary Killing spinors (Γ + χ = 0) if H in (6) depends on z i only quadratically, and
where Γ + χ = 0.
As we discussed when we made our choices (14) or (15) for Φ (3) , the resulting terms W α defined by (10) and (16) can all be simultaneously diagonalised (for each of Case 1 or Case 2 separately), by means of an appropriate similarity transformation of the gamma matrices.
It is convenient to assume that such a basis for the gamma matrices has been chosen.
With respect to a diagonal basis, it is evident that
is also diagonal, and therefore that (20) can be rewritten as
From (11), it now follows that the solutions of (22) will give the supernumerary Killing spinors, with z i dependence given by
In particular, this means that a supernumerary Killing spinor is independent of a given coordinate z i if and only if the associated coefficient µ i in (6) is zero.
The discussion of the supernumerary Killing spinors now divides into the two possibilities for Φ (3) , given by (14) or (15) .
Case 1:
In this case Φ (3) is given by (14) . In the direction i = 9 we have X 9 = 4W , and so µ 2 9 = 1 9 µ 2 λ 2 , where λ is one of the eigenvalues of W given in (18) . Without loss of generality, since the other eigenvalues differ only in sign permutations of the m α , we can take
The remaining µ i for 1 ≤ i ≤ 8 are then given by
To see this, we note that if (X 9 −κ 9 ) Γ 9 χ = 0 then 4W χ = κ 9 χ. We are taking κ 9 = 4(m 1 + m 2 +m 3 +m 4 ). Substituting into (X 1 −κ 1 ) Γ 1 χ = 0 we therefore find (14) and (10) it follows that the diagonal matrix W has eigenvalues that are just those of W but with m 2 , m 3 and m 4 reversed in sign, and so
Applying an analogous argument for each direction i, we arrive at (25) .
For a generic choice of the constants m α , there are precisely two supernumerary Killing spinors. This is because a given bosonic solution has fixed values for the coefficients µ α , and so there are two solutions to (20) since there is a twofold degeneracy in (25) . In special cases, where the m α are chosen so that two or more of the expressions in (25) are equal, there can therefore be more solutions of (20) . It is an elementary exercise to enumerate all the possible numbers of supernumerary supersymmetries that can be achieved for specific choices of m α .
As in the case of type IIB pp-wave solutions, the supernumerary supersymmetries can lead to a variety of "non-standard" fractions of total supersymmetry that exceed 1 2 [17] . It is worth remarking that for Case 1, as a consequence of the equation X 9 = 4W , it follows that supernumerary Killing spinors are independent of x + if and only if they are independent of z 9 .
Case 2:
When the 3-form Φ (3) is given by (15) , it follows that we shall have X 8 = X 9 = 2W , and so from (22) 
For the other constants µ i , we shall therefore have
where λ 8 and λ i are given by (19) and below. For example, we shall have
Supersymmetry of type IIA pp-waves and D0-branes
Having obtained the M-theory pp-waves, we can dimensionally reduce the solutions to D = 10, giving rise to D0-branes if we reduce on the x + coordinate, or to type IIA ppwaves if we reduce instead on any of the z i coordinates. Of course a reduction on a particular z i coordinate is possible only if it is a Killing direction, which means that the associated coefficient µ i in the metric function H must vanish. 1 First let us consider a reduction on x + . This is a Killing direction for all pp-wave solutions. However, some or all of the Killing spinors in a given solution may be dependent on the x + coordinate, in which case they will not survive in the reduction of the solution to type IIA supergravity. As we saw from (12), the criterion for a Killing spinor to be independent of x + is that it should be annihilated by W . For the standard Killing spinors, the fraction of the 16 Killing spinors that will survive the reduction on x + depends on 1 There are, of course, many other Killing vectors in the pp-wave metric, which could be used for KaluzaKlein reduction, but we are not considering these here (see, however, section 2.5). Some examples are discussed in [20] ; these typically give rise to an extra (constant) flux in the lower dimension, coming from a non-vanishing Kaluza-Klein vector potential. For a reduction on one of the transverse coordinates z i , the the corresponding constant µ i in the expression for H in the metric (1) must vanish, in order that ∂/∂z i be a Killing vector. As we saw in (23), the Killing spinors are then also independent of the coordinate z i , and hence they will all survive in the reduction. In section 2.2, it was observed that the 16 standard Killing spinors are all independent of z i .
When Φ (3) is contained within the Case 1 in (14), the direction z 9 is singled out. It was observed in the discussion of Case 1 in section 2.3 that if µ 9 = 0 then we have also W χ = 0, and so this implies that if z 9 is a Killing direction then the supernumerary Killing spinors will not only be independent of z 9 , but also of x + .
In Case 2, where Φ (3) is given by (15) , the directions z 8 and z 9 are singled out. If we arrange for µ 8 = µ 9 = 0 (they are always equal), then as shown in 2.3 we also have W χ = 0, and so the supernumerary Killing spinors will be independent of x + as well as the reduction coordinate z 8 or z 9 .
In fact these various reductions to type IIA can be related to the general type IIB ppwaves obtained in [17] , by means of T-duality. If we dimensionally reduce on z 9 in Case 1, or on z 8 or z 9 in Case 2, which is possible if parameters are chosen so that the corresponding µ i coefficient vanishes, the resulting supernumerary Killing spinors are all independent x + . This implies that the type IIA string action then has linearly-realised supersymmetries.
We can also obtain large classes of type IIA pp-wave solutions in which other µ i parameters are instead zero. (That is to say, µ i other than µ 9 in Case 1, or µ 8 = µ 9 in Case 2.)
In these circumstances, there can exist supernumerary Killing spinors that are dependent on x + . One would then obtain a type IIA solution where some, or all, of the world-sheet supersymmetries were non-linearly realised. The second choice is nothing but the first, with one of the two m i reversed in sign.
An explicit example
However, if the m α are given, fixed parameters, then these two choices for the µ α correspond to two independent solutions. 2
For generic but fixed values of m α , each choice in Table 1 gives rise to 8 supernumerary
Killing spinors. When m 1 = m 2 in the second choice, the 8 supernumerary Killing spinors are all independent of x + . This then corresponds to the Penrose limit of the M2/M5-brane system (AdS 3 × S 3 × T 4 ). By contrast, in the first choice in Table 1 case is T-dual to the maximally supersymmetric pp-wave arising from the Penrose limit of AdS 5 × S 5 . Suppose, for example, we have the choice giving µ 1 = µ 2 = 0. We can then reduce on z 1 and T-dualise on z 2 . The resulting type IIB solution is the maximallysupersymmetric pp-wave, in a slightly non-standard coordinate system that was introduced in [20] to make certain Killing directions in the transverse space manifest. The reverse procedure of T-dualisation and lifting was performed in [20] , to give the pp-wave in D = 11.
AdS Penrose limits
Various AdS spacetimes can arise in M-theory as near-horizon limits of M-brane intersections. The M2-brane and M5-brane themselves have near-horizon limits AdS 4 × S 7 and AdS 7 × S 4 respectively; these both have the same Penrose limit. The resulting pp-wave is maximally supersymmetric, and is the one obtained in [6] , with
(The constant c 0 was not included in the Penrose limit taken in [6] , but it can easily be included, as was shown in [17] for any Penrose limit.) There is no isometry along any of the z i directions. All the Killing spinors depend on x + , and so a dimensional reduction on the x + coordinate will result in a type IIA supergravity solution that breaks all the supersymmetry.
The Penrose limits of intersecting M-branes that give rise to AdS structure were discussed in [8] . An M2/M5 brane intersection gives rise to AdS 3 × S 3 × T 4 in the near-horizon limit. The Penrose limit is then given by respectively. Both have the same Penrose limit, which can be written as
In this case there are the 16 standard Killing spinors plus 4 supernumerary Killing spinors, giving a total of 20 in all. All the Killing spinors depend on x + , and hence after reduction on x + to type IIA the resulting D0-brane will have no supersymmetry. There are also isometries in the z i coordinates with i = 1, . . . 6. Since none of the Killing spinors depends on any of these coordinates, the type IIA pp-wave that results from reducing instead on one of these will have all 20 Killing spinors.
The M2/M2/M5/M5 brane intersection system gives an AdS 2 × S 2 in its near-horizon limit. The Penrose limit is given by
In this case, 4 out of the 16 standard Killing spinors are independent of x + . Additionally, there are 4 supernumerary Killing spinors, which are all x + -independent.
3 Matrix model and type II string actions
Type IIA string action
Whenever there is an isometry in any of the z i directions, the D = 11 pp-wave can be dimensionally reduced on such a coordinate, to give a pp-wave in the type IIA theory. In general, the resulting pp-wave can have non-vanishing constant backgrounds both for the NS-NS 3-form and R-R 4-form. The precise details depend in the usual way on the structure of Φ (3) in D = 11.
The Green-Schwarz action for the type IIA string in an arbitrary bosonic background was derived, in component form up to and including second-order in the fermionic coordinates θ, in [30] (the form of the R-R couplings had previously been obtained schematically in [31] ):
where
The field strengths are given by
The fermionic coordinates θ are non-chiral, and can be written as θ = θ 1 θ 2 , where
. In a notation adapted to the passage to light-cone gauge, we can introduce world-sheet Dirac matrices ̺ i , with ̺ 0 = −i τ 1 , ̺ 1 = τ 2 and ̺ 2 = τ 3 , where τ i are the Pauli matrices. The ̺ i act on the upper and lower 16 components θ 1 and θ 2 of the column vector
, and ̺ 2 is the chirality operator. The conjugate spinor in this notation is then Ψ = Ψ † ̺ 0 , and we therefore have the "dictionary"
where O is any matrix or operator constructed from the Γ i matrices. In the light-cone gauge, where X + = τ , Γ − θ = 0 and √ −h h ij = η ij , the fermionic part of the type IIA Green-Schwarz action (32) therefore becomes
In the pp-wave backgrounds we are considering here, the world-sheet Dirac operator D just reduces to ∂ in the light-cone gauge. Let us first consider the case where the differential dz i of the reduction coordinate z i does not appear in Φ (4) in D = 11. It then follows from (32) and (35) that after choosing the light-cone gauge, the associated type IIA string action will be
Thus the masses of the fermions will be given by the eigenvalues of W .
Suppose now that we instead perform a reduction on a coordinate z i whose differential dz i does appear in Φ (4) in D = 11. We now find that F (4) in D = 11 reduces as
in D = 10, where z is the reduction coordinate. We now have the non-vanishing NS-NS field F (3) in the type IIA background, together, possibly, with a non-vanishing R-R 4-form F (4) . If the reduction of the 3-form Φ (3) is written as Φ (3) −→ Φ 3 + dz ∧ Φ 2 , and if we define
then it follows from (32) and (35) that after choosing the light-cone gauge, we shall obtain the string action
Here, B i denotes the components of the 1-form B (1) whose exterior derivative gives Φ (2) = dB (1) . Since Φ (2) = 1 2 Φ ij dz i ∧ dz j where Φ ij are constants, we may therefore take B i to be given by
Thus the string action in this case is given by
Thus the boson masses, as well as the fermion masses, are modified by the presence of the NS-NS 3-form field. This is a generalisation of a result obtained in [5] .
As an example, let us consider the pp-wave in D = 11 resulting from taking Φ (3) to be
given by Case 1, as in (14) . After dimensional reduction on the coordinate z 9 , which will be a Killing direction provided that
(see (24) ), the type IIA light-cone action will be given by
with Y given by
(The matrix W is absent here, since all terms in Φ (3) in D = 11 involved a factor dz 9 . Thus the D = 10 background is purely NS-NS in this example.)
Note that the choice of gauge for writing B (1) ≡ B i dz i is not unique. In this example we could, for instance, choose, instead of writing it in the "symmetrical" gauge
to write it in the "asymmetrical" form
In this choice of gauge we would instead obtain the string action 
Of course the different gauge choices just change the action by a total derivative, and so they are equivalent in the closed string sector.
Type IIB string action
Many of our examples can be T-dualised to pp-waves in type IIB theory when there are two µ i vanishes. In some cases, when the type IIA pp-wave is supported only by the F (3) , the solution is also valid in type IIB theory supported by the NS-NS F (3) or the R-R F (3) , or both using S-duality rotation. Thus in this section, we consider the light-cone type IIB string action in such a background.
In [30] , the Green-Schwarz action for the type IIB string in an arbitrary bosonic background was derived, giving all terms up to and including quadratic order in the fermionic coordinates. In the notation of [30] , the two Majorana-Weyl fermions were denoted by θ 1 and θ 2 . If we put these in a column vector θ ≡ θ 1 θ 2 , and define world-sheet Dirac matrices ̺ i by ̺ 0 = −i τ 1 , ̺ 1 = τ 2 and ̺ 2 = τ 3 , where τ i are the Pauli matrices, then we find the following "dictionary" for converting the notation in [30] to the one we wish to use here.
For any matrix or operator O constructed from the target-space Dirac matrices, we shall haveθ
where the conjugate of θ is defined byθ = θ † ̺ 0 = (−θ 2 ,θ 1 ). Substituting into equation (3.29) of [30] (and correcting an obvious typographical sign error), the type IIB GreenSchwarz action up to O(θ 2 ) is given by
is the NS-NS 3-form, φ and χ are the dilaton and axion, and F (3) and F (5) are the R-R 3-form and self-dual 5-form, the matrices S are defined in (33), and we have defined
In the light-cone gauge, X + = τ , θ = Ψ with Γ − Ψ = 0, and √ −h h ij = η ij , we therefore find that the fermionic part of the action becomes
Note that for all the pp-waves, it follows from (3) that D is just ∂.
To apply this action to our examples, let us first consider Case 2, with µ 8 = µ 9 = 0.
This example can be T-dualised to type IIB, where it gives rise to pp-waves of the sort described in [17] . In these cases the pp-wave is supported only by the self-dual R-R 5-form.
The action was obtained in [17] .
For another example consider Case 1, with all four of the m α non-vanishing, but chosen so that µ 9 = 0 so that we can reduce the solution to type IIA in the z 9 direction. The solution is then supported purely by the NS-NS 3-form. There is in general no further isometry direction among the remaining z i coordinates that could allow us to perform a T-duality transformation. However, since only the NS-NS 3-form field is involved, we can clearly take the identical configuration and view it as a solution instead of the type IIB theory, again supported by the NS-NS 3-form. Having done so, we can then choose to perform an S-duality transformation, thereby introducing a non-vanishing R-R 3-form as well (or instead). It is then straightforward to see from (52) and (53), together with imposing the light-cone gauge in the bosonic part of (50), that these type IIB pp-wave backgrounds will have a light-cone string action given by
where G (3) and F (3) are the NS-NS and R-R 3-form contributions respectively.
Matrix model action
There are many examples in our general discussion where all the coefficients µ i in the metric function H are non-vanishing, implying that the pp-wave is intrinsically eleven-dimensional.
In these cases, the system is best described by a D0-brane action. Namely, one can perform a DLCQ compactification [32] - [35] along the light-cone coordinate x − ≡ x − + 2πR, and consider the sector with momentum 2p + = −p − = N/R. The dynamics of this sector is then described by a U (N ) matrix model with the strength of interactions governed by g ∼ 2R. The procedure as it applies to the case of the Penrose limit of AdS 4 × S 7 or AdS 7 × S 4 was given in [5] . The form of the action for the general, constant W , as studied in this paper, can be derived along the same lines, and is structurally of the same form.
This is due to the fact that the 4-form field strength enters the D0-brane particle action in the light-cone gauge (i.e. the U (N ) matrix model) only through W = 1 6 |P hi ijk Γ ijk . The form of the action is thus given by
Tr(
Note that in addition to the standard matrix-model interactions there are also the fermionic and bosonic mass terms, and additionally the term tri-linear in X i that is related to the Myers effect [36] .
The supersymmetry of this quantum mechanical matrix model fixes the coefficients in front of the fermionic mass terms and the interaction terms in the same way as it was derived for the special case of W = Φ 123 Γ 123 in [5] . Indeed, the existence of supersymmetry is dictated by the existence of the supernumerary Killing spinors. In fact, the supersymmetry transformation parameter is exactly the supernumerary Killing spinor:
The case where W = Γ 123 was given in [5] . In that case, the system is fully supersymmetric, and hence ǫ 0 is an arbitrary constant spinor. Furthermore, since W has no zero eigenvalues in that example, all the supersymmetry parameters ǫ are time-dependent.
For the more general W 's that we have considered in this paper, ǫ 0 is subject to further projection constraints, in accordance with the supernumerary Killing spinors. In our more general cases W can annihilate ǫ 0 , implying that ǫ is then time-independent. In such an example, the pp-wave can also be reduced to give rise to a pp-wave in type IIA, thus giving an exactly-solvable string action. The existence of two routes, one corresponding to the matrix model of the D0-particle action, and the other corresponding to the free massive Type IIA string action, therefore suggests that these are dual descriptions of the theory when the background is of this particular type.
Conclusions
In this paper, we studied a general class of supersymmetric pp-waves in M-theory, by turning on constant 3-forms, motivated by the orbifold (flat) limit of a special holonomy transverse space for the pp-wave. These 3-forms fall into two classes, one motivated by the Kähler form of the eight-dimensional special holonomy transverse space, and the other motivated by the associative 3-form of a seven-dimensional transverse space of G 2 holonomy.
This general class of pp-waves encompass the Penrose limits of AdS p × S q with (p, q) = (4, 7), (7, 4) , (3, 3) , (3, 2) , (2, 3), (2, 2) which are associated with the near horizon limits of the M2-brane, M5-brane, and M2/M5, M5/M5/M5, M2/M2/M2 and M2/M2/M5/M5 intersections, respectively. In addition this general class contains many additional examples of pp-waves that are do not correspond to any known Penrose limit.
We focused on the study of the target space supersymmetry. In addition to 16 "standard" Killing spinors that always arise, we determined the conditions under which additional "supernumerary" Killing spinors appear. We also analysed the conditions under which the Killing spinors are independent of the light cone x + coordinate, or of one or more of the nine transverse coordinates. These conditions determine whether the reduction of the Mtheory pp-waves to type IIA supergravity, and subsequent T-dualisation to type IIB, remain supersymmetric.
Since x + is always a Killing direction the M-theory pp-wave can always be reduced on this coordinate, leading to a D0-brane configuration of the type IIA theory. Its worldparticle action corresponds to a DLCQ description of a matrix-theory action for M-theory, with unbroken supersymmetry governed by x + -independent supernumerary supersymmetries of the M-theory pp-wave background.
On the other hand the independence of a Killing spinor on a transverse coordinate allows for a reduction on this coordinate down to a supersymmetric type IIA pp-wave. The light cone string actions in these backgrounds correspond to exactly-solvable free massive string theories, and again the supernumerary supersymmetries play a key role in determining the supersymmetry of the string action.
